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EQUIVALENCE OF WEAK AND VISCOSITY SOLUTIONS IN
FRACTIONAL NON-HOMOGENEOUS PROBLEMS
BEGON˜A BARRIOS AND MARIA MEDINA
Abstract. We establish the equivalence between the notions of weak and
viscosity solutions for non-homogeneous equations whose main operator is the
fractional p-Laplacian and the lower order term depends on x, u and Dpsu,
being the last one a type of fractional derivative.
1. Introduction
In this work we study the equivalence between the notions of weak and viscosity
solutions to the problem
(−∆)spu = f(x, u,D
p
su), (1.1)
posed in a bounded domain Ω ⊂ Rn, with s ∈ (0, 1) and 1 < p < +∞. By (−∆)sp
we mean the fractional p-Laplacian, defined for a regular enough function u as
(−∆)spu(x) := an,s,p p.v.
ˆ
Rn
|u(x)− u(y)|p−2(u(x)− u(y))
|x− y|n+sp
dy, (1.2)
where n > ps and an,s,p is a normalization constant that will be omitted from now
on. The integral in (1.2) has to be understood in the principal value sense, that
is, as the limit when ε → 0 of the same integral computed in Rn \ Bε(x). This
operator can be seen as a nonlocal counterpart of the p-Laplacian operator,
−∆pu := −div(|∇u|
p−2∇u),
and Dpsu stands for a sort of fractional gradient. Consider indeed the case p = 2,
for which the nonlocal, and linear, operator (−∆)sp corresponds to the standard
fractional Laplacian given by
(−∆)su(x) := p.v.
ˆ
Rn
u(x)− u(y)
|x− y|n+2s
dy.
As stated in [8], the corresponding bilinear form
Bs(u, v)(x) :=
ˆ
Rn
(u(x)− u(y))(v(x) − v(y))
|x− y|n+2s
dy,
can be seen as a fractional derivative of order s playing the role of ∇u · ∇v in the
local case. Furthermore, Bs(u, u) can be thought as the analogue of |∇u|
2, the
Key words and phrases. nonlocal operators, fractional p-Laplacian, viscosity solutions, weak
solutions, non-homogeneous problems.
B. B. was partially supported by the MEC project PGC2018-096422-B-I00 (Spain) and the
Ramo´n y Cajal fellowship RYC2018-026098-I (Spain). M. M. is supported by the European
Union’s Horizon 2020 research and innovation programme under the Marie Sklodowska-Curie
grant agreement N 754446 and UGR Research and Knowledge Transfer Fund - Athenea3i. M.
M. wants to acknowledge Universidad de la Laguna’s hospitality, where this work was initiated
during a visit in July 2019.
1
2 B. BARRIOS AND M. MEDINA
natural term appearing in the energy of problems driven by the classical Laplacian.
Extending this idea to the whole range 1 < p < +∞ we define the form, linear only
in the second variable, associated to (−∆)spu as
B
p
s(u, v)(x) :=
ˆ
Rn
|u(x)− u(y)|p−2(u(x) − u(y))(v(x) − v(y))
|x− y|n+sp
dy,
and the derivative
Dpsu(x) := B
p
s(u, u)(x) =
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
dy,
that correspond to |∇u|p−2∇u · ∇v and |∇u|p respectively for the classical p-
Laplacian. See [2, 3, 8] for problems with nonlinearities involving this type of
fractional derivative. We refer also the reader to the works [7, 9, 32] for other
definitions of fractional gradients.
Thus, it is clear that (1.1) has a local analogue of the form
−∆pu(x) = f(x, u,∇u) in Ω. (1.3)
Equivalence among different types of solutions for problem (1.3) was firstly studied
in [19] for the case f ≡ 0 via the notion of p-harmonic solutions, and later on in [17]
with different methods (via regularization with infimal convolutions) that apply
also to the case f = f(x), a continuous function. Finally in [27] the problem with a
general f(x, u,∇u) is studied. By extending the methods of [17], if f : Ω×R×Rn →
R satisfies certain regularity conditions and has a growth of size
|f(x, t, η)| 6 γ(|t|)|η|p−1 + φ(x), (1.4)
with γ > 0 being a continuous function and φ ∈ L∞loc(Ω), the authors prove that
viscosity solutions of (1.3) are also weak solutions (see [27, Theorem 1.4]). The
reverse implication, weak solutions being also viscosity, relies on the availability of
comparison principles among weak solutions, what imposes certain restrictions on
f , specially in the singular case 1 < p < 2 (see [27, Theorem 1.5]). Besides its own
interest, this equivalence of the different notions of solutions is useful, for instance,
in removability questions (see [18, 29]).
In the nonlocal case, the relation among weak, viscosity and p-harmonic solutions
has been studied for every 1 < p < +∞ in the works [20, 22] when f ≡ 0. As far as
we know, concerning the non-homogeneous problem the only result can be found in
[31], where the authors prove that weak solutions are viscosity when f = f(x) and
p = 2, that is, for the particular case of the fractional Laplacian. The goal of this
work is to extend the results in [27] to the nonlocal framework of (1.1) for every
1 < p < +∞, giving so far a much more general equivalence result, for nonlocal
non-homogeneous problems. The first main result of the paper is the following.
Theorem 1.1. Let 1 < p < +∞. Assume that f = f(x, t, η) is uniformly continu-
ous in Ω×R×Rn, non increasing in t, Lipschitz continuous in η, and satisfies the
growth condition
|f(x, t, η)| 6 γ(|t|)|η|
p−1
p + φ(x), (1.5)
where γ > 0 is continuous and φ ∈ L∞loc(Ω). Thus, if u ∈ L
∞(Rn) is a viscosity
supersolution of (1.1) then it is a weak supersolution of the problem.
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Notice that, since Dpsu has homogeneity p and η corresponds to D
p
su in problem
(1.1), the growth required in (1.5) is the same as in the local case (see (1.4)).
To prove Theorem 1.1 we need to pass from the pointwise sense of the viscosity
solutions (see Definition 2.2) to the integral form of the weak ones (see Definition
2.1). We will do it starting, as in [17, 27], by regularizing the function using infimal
convolutions. This precise way of regularization will give us useful information on
the first and second derivatives, fundamental to carry out convergence arguments.
We want to highlight that recovering the weak formulation on the original function
is much more involved in the nonlocal setting. Indeed, in the classical framework a
key point is to write the operator ∆p in the form
∆pu = |∇u|
p−2
(
∆u+ (p− 2)D2u
∇u
|∇u|
·
∇u
|∇u|
)
,
where D2u is the Hessian matrix of u. This expression permits to use the infor-
mation on, for instance, the sign of D2u in a direct way to apply arguments of
convergence of integrals of Fatou’s type. However an explicit formulation like this
does not hold in the fractional case where, for an approximating function uδ → u,
we are obliged to extract uniform information directly from a term of the form
|uδ(x)− uδ(y)|
p−2(uδ(x) − uδ(y))
|x− y|n+sp
,
which is not obvious at all. Furthermore, the fact that (−∆)sp is an integral operator
introduces extra difficulties, since we have to pass to the limit through two integrals,
one coming from the weak formulation and one coming form the operator itself.
Specially involved is the singular range 1 < p 6 2/(2−s). In such case the operator
is not well defined even for smooth functions and hence we need to regularize in
addition the operator, performing a very delicate argument to pass to the limit (see
Lemmas 3.4 and 3.5).
The reverse statement, weak solutions being viscosity, is strongly connected with
comparison arguments, and the next class of functions needs to be considered.
Definition 1.2. Let u be a weak supersolution to (1.1) in D ⊆ Ω. We say that
(u, f) satisfies the comparison principle property (CPP) in D if for every weak
subsolution v of (1.1) such that u > v a.e. in Rn \D we have u > v a.e. in D.
Then the following implication is proved.
Theorem 1.3. Let 1 < p < +∞. Assume u is a continuous weak supersolution of
(1.1) and f = f(x, t, η) is continuous in Ω×R×Rn and Lipschitz continuous in η.
If (CPP ) holds then u is a viscosity supersolution of (1.1).
The proof of this result runs by contradiction, and relies on the comparison of
u with an appropriate perturbation of itself. The nonlocal nature of the fractional
derivative Dps does not match well with standard arguments of perturbation by a
constant. Instead, it forces us to consider and deal with very particular perturba-
tions (constructed by adding precise C2 functions) that are more suitable to the
integral operators.
We would finally like to mention that problems involving operator (1.2) have
concentrated a large interest in the last years. Besides the previously mentioned
[20, 22], existence and uniqueness of viscosity solutions, as well as convergence to
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the p-Laplace equation, are studied in [15] and different regularity results for weak
solutions can be found in, for instance, [4, 5, 6, 11, 12, 14, 23, 24, 28] (see also the
references therein). We also want to point out that the results in this work can be
straightforward generalized for a larger class of integro-differential operators, as in
[20, 21]. They hold for every operator LK defined as
LKu(x) := p.v.
ˆ
Rn
|u(x)− u(y)|p−2(u(x)− u(y))K(x, y)dy,
and the corresponding derivative
Dps,Ku(x) :=
ˆ
Rn
|u(x)− u(y)|pK(x, y)dy,
where the kernel K satisfies the following properties:
(i) K(x, y) = K(y, x) for all x, y ∈ Rn.
(ii) K(x+ z, y + z) = K(x, y) for all x, y, z ∈ Rn, x 6= y.
(iii) Λ−1 6 K(x, y)|x − y|n+sp 6 Λ for all x, y ∈ Rn, x 6= y, where Λ > 1 is a
constant.
(iv) The map x 7→ K(x, y) is continuous in Rn \ {y}.
The fractional p-Laplacian corresponds to the case K(x, y) = |x− y|−n−sp and, for
simplicity of the exposition, we will restrict ourselves to this case.
The rest of the paper is organized as follows: in Section 2 we introduce the notions
of weak and viscosity solutions and also some preliminarie results like a Caccioppoli
type inequality and a continuity property of the operator Dps . Section 3 deals with
the approximation by infimal convolutions and the proof of Theorem 1.1. In Section
4 we prove Theorem 1.3 and we make a brief review on the comparison principles
in the literature.
Along the work C will denote a positive constant that may change from line to
line.
2. Preliminaries
2.1. Notions of solutions. Given a measurable function u : Rn → R we define
the Gagliardo seminorm associated to a, possibly unbounded, domain Ω as
[u]s,p,Ω :=
(¨
Ω×Ω
|u(x)− u(y)|p
|x− y|n+sp
dx dy
)1/p
,
and the Soblev space
W s,p(Ω) := {u ∈ Lp(Ω) : [u]s,p,Ω <∞},
(see for instance [1, 13]). We will also denote
Lp−1sp (R
n) := {u ∈ Lp−1loc (R
n) :
ˆ
Rn
|u(x)|p−1
(1 + |x|)n+sp
dx <∞},
the space of functions with appropriate decay at infinity.
Definition 2.1. A function u ∈ W s,p(Ω) ∩ Lp−1sp (R
n) is a weak supersolution of
(1.1) ifˆ
Rn
ˆ
Rn
|u(x)− u(y)|p−2(u(x)− u(y))(ϕ(x) − ϕ(y))
|x− y|n+sp
dx dy >
ˆ
Ω
f(x, u,Dpsu)ϕdx,
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for all non-negative ϕ ∈ C∞0 (Ω). We say that u is a weak subsolution if −u is a
supersolution. Finally, u is a weak solution of (1.1) if it is both a weak supersolution
and subsolution to the problem.
Notice that the double integral appearing in this definition can be written in the
domain
QK := (K × R
n) ∪ ((Rn \K)×K) = R2n \ (Rn \K)2,
where K := supp(ϕ). Without loss of generality, along the work we will write
indistinctly the double integral in QK or in the whole space R
2n when there is no
need to specify.
It is well known that the classical p-Laplacian presents additional difficulties
when 1 < p < 2, since div(|∇u|p−2∇u) is not well defined at the points where ∇u
vanishes, and any valid notion of viscosity solution has to deal with this issue. The
same problem holds here. In the nonlocal setting the singular range corresponds to
1 < p 6 22−s , case in which the integral in (1.2) is not well defined even for smooth
functions. To give pointwise sense to the operator we need to work with a more
restricted class of functions (see [20, Lemma 3.7]). Given an open set Ω˜ ⊂ Ω, we
define
C2β(Ω˜) := {u ∈ C
2(Ω˜) : sup
x∈Ω˜
(
min{dist(x,Nu), 1}
β−1
|∇u(x)|
+
|D2u(x)|
(dist(x,Nu))β−2
)
< +∞},
where Nu is the set of critical points associated to the regular function u, that is,
Nu := {x ∈ Ω : ∇u(x) = 0}.
In the spirit of [20], we can give the definition of viscosity solution.
Definition 2.2. A function u : Rn → [−∞,+∞] is a viscosity supersolution of
(1.1) in Ω if:
(i) u < +∞ a.e. in Rn, u > −∞ a.e. in Ω.
(ii) u is lower semicontinuous in Ω.
(iii) If ψ ∈ C2(Br(x0))∩L
p−1
sp (R
n) for some Br(x0) ⊂ Ω such that ψ(x0) =
u(x0), ψ 6 u in R
n and one of the following conditions hold:
(a) p > 22−s or ∇ψ(x0) 6= 0,
(b) 1 < p 6 22−s , ∇ψ(x0) = 0 such that x0 is an isolated critical point of
ψ, and ψ ∈ C2β(Br(x0)) for some β >
sp
p−1 ,
then
(−∆)spψ(x0) > f(x0, ψ(x0), D
p
sψ(x0)).
(iv) u− := max{−u, 0} belongs to L
p−1
sp (R
n).
We call u a viscosity subsolution if −u is a viscosity super solution. If it is at the
same time viscosity super and subsolution we say that u is a viscosity solution to
(1.1).
Remark 2.3. In many applications the previous definition can be stated slightly
more general by allowing the test function to be ψ 6 u only in Br(x0) and ψ = u
in Rn \ Br(x0). This would be also our case if the right hand side of (1.1) were
f = f(x, u). However, the dependence on Dpsu makes us need a larger set of test
functions.
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2.2. Auxiliary results. In this section we introduce some properties that will be
used later in the proof of the main theorems. We first prove an arithmetical identity.
Lemma 2.4. Let 1 < p < +∞ and
L(γ) := |γ|p−2γ, γ ∈ R. (2.1)
Then
L(a)− L(b) = (p− 1)(a− b)
ˆ 1
0
|ta+ (1− t)b|p−2dt, a, b ∈ R. (2.2)
Furthermore,
ˆ 1
0
|ta+ (1− t)b|p−2dt 6
{
C(|a|p−2 + |b|p−2) if p > 2,
C|a− b|p−2 if 1 < p < 2,
(2.3)
where C = C(p) > 0.
Proof. We follow the ideas in the proof of [21, Lemma 1]. Consider
f(t) := |ta+ (1 − t)b|p−2(ta+ (1 − t)b).
Thus
L(a)− L(b) =
ˆ 1
0
f ′(t)dt
and (2.2) follows. The case p > 2 in (2.3) is obtained straightforward. For 1 < p < 2
we define
g(α) :=
ˆ 1
0
|tα+ 1− t|p−2dt, α ∈ [−1, 1].
Notice that g(1) = 1 and, for α ∈ [−1, 1), making the change of variable τ :=
tα+ 1− t we have
g(α) =
1
1− α
ˆ 1
α
|τ |p−2dτ 6
2
p− 1
.
Without loss of generality we assume |a| 6 |b|. Thusˆ 1
0
|ta+ (1− t)b|p−2dt = |b|p−2
ˆ 1
0
|t
a
b
+ 1− t|p−2dt = |b|p−2g
(a
b
)
6
4
p− 1
|a− b|p−2,
since |a− b| 6 2|b| and p− 2 < 0. 
The next result establishes a Caccioppoli type inequality that will be fundamen-
tal to prove Theorem 1.1.
Proposition 2.5. Let u ∈ L∞(Rn) be a weak supersolution of (1.1), and let f :
Ω × R × Rn continuous and satisfying (1.5). Then there exists a constant C =
C(p,K, φ) > 0 such thatˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx
6 C
[
(osc(u))p
(ˆ
K
ˆ
Rn
|ξ(x) − ξ(y)|p
|x− y|n+sp
dy dx+ γp∞,u
)
+ osc(u)
]
,
for all ξ ∈ C∞0 (Ω), 0 6 ξ 6 1, where osc(u) := supRn u − infRn u, γ∞,u :=
maxt∈(−‖u‖L∞(Ω),‖u‖L∞(Ω)) |γ(t)| and K := supp(ξ).
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Proof. Let us consider ξ ∈ C∞0 (Ω), 0 6 ξ 6 1 with K := supp(ξ) and
ϕ(x) :=
{
(sup
Rn
u− u(x))ξp(x), x ∈ Ω,
0, x ∈ Rn \ Ω.
Since u is a weak supersolution of (1.1), testing with ϕ and noticing that
(sup
Rn
u− u(x))ξp(x)− (sup
Rn
u− u(y))ξp(y)
= −(u(x)− u(y))ξp(x) + (ξp(x) − ξp(y))(sup
Rn
u− u(y)),
we haveˆ
K
f(x, u,Dsu)(sup
Rn
u− u)ξpdx 6 −
ˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx
+
¨
QK
|u(x)− u(y)|p−2(u(x)− u(y))(ξp(x) − ξp(y))(sup
Rn
u− u(y))
|x− y|n+sp
dx dy,
and thusˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx 6
¨
QK
|u(x)− u(y)|p−1|ξp(x) − ξp(y)|osc(u)
|x− y|n+sp
dx dy
−
ˆ
K
f(x, u,Dpsu)(sup
Rn
u− u)ξpdx.
Let δ > 0 small to be chosen later. Since 1 < p < +∞ we have that
|ξp(x)− ξp(y)| 6 C(p)|ξ(x)− ξ(y)|
(
|ξ(x)|p−1 + |ξ(y)|p−1
)
,
then, by applying Young’s inequality with exponents p/p− 1 and p it followsˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx 6 δC(p)
¨
QK
|u(x)− u(y)|p(|ξ(x)|p + |ξ(y)|p)
|x− y|n+sp
dx dy
+ δ1−pC(p)(osc(u))p
¨
QK
|ξ(x)− ξ(y)|p
|x− y|n+sp
dx dy −
ˆ
K
f(x, u,Dpsu)(sup
Rn
u− u)ξpdx.
Choosing δ small, by the symmetry of the first term in the r.h.s, and applying (1.5),
we getˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx 6 C(p)
[
(osc(u))p
¨
QK
|ξ(x) − ξ(y)|p
|x− y|n+sp
dx dy
+γ∞,u
ˆ
K
|Dpsu|
p−1
p osc(u)ξpdx+ ‖φ‖L∞ |K|osc(u)
]
,
(2.4)
where γ∞,u := maxt∈(−‖u‖L∞(Ω),‖u‖L∞(Ω)) |γ(t)|. By Young’s inequality again and
the fact that ξ 6 1,
γ∞,u
ˆ
K
|Dpsu|
p−1
p osc(u)ξpdx 6 γ∞,u
ˆ
K
|Dpsu|
p−1
p osc(u)ξp−1dx
6 δ
ˆ
K
|Dpsu|ξ
pdx+ δ1−pγp∞,uC(p,K)(osc(u))
p
6 δ
ˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dx dy + δ1−pγp∞,uC(p,Ω)(osc(u))
p.
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Thus, choosing δ small, from (2.4) we haveˆ
K
ˆ
Rn
|u(x)− u(y)|p
|x− y|n+sp
ξp(x)dy dx
6 C(p, φ,K)
[
(osc(u))p
(ˆ
K
ˆ
Rn
|ξ(x) − ξ(y)|p
|x− y|n+sp
dy dx+ γp∞,u
)
+ osc(u)
]
.

To conclude this section we show the continuity of the operator Dps with respect
to small regular perturbations, that will be crucial in the proof of Theorem 1.3.
Lemma 2.6. Let r > 0, x0 ∈ R
n and F ∈ Lp−1sp (R
n), Lipschitz continuous in
Br(x0). For every ε > 0, 0 < ρ < r, there exists a constant θ˜ = θ˜(ε, ρ) > 0 such
that
sup
Bρ(x0)
|DpsF −D
p
s(F + θη)| < ε,
for every 0 6 θ < θ˜ and η ∈ C20 (Br(x0)) verifying 0 6 η 6 1.
Proof. Let us fix ε > 0 and ρ such that 0 < ρ < r and consider a function η ∈
C20 (Br(x0)) such that 0 6 η 6 1. Given 0 < θ < 1, if x ∈ Bρ(x0) it follows that
|DpsF (x)−D
p
s(F + θη)(x)| 6
ˆ
Bδ(x)
|F (x)− F (y)|p
|x− y|n+sp
dy
+
ˆ
Bδ(x)
|F (x) + θη(x) − F (y)− θη(y)|p
|x− y|n+sp
dy
+
ˆ
Rn\Bδ(x)
||F (x)− F (y)|p − |F (x) + θη(x)− F (y)− θη(y)||
p
|x− y|n+sp
dy,
where 0 < δ < r − ρ is a small parameter to be chosen later. By the algebraic
inequality (see [20, Lemma 3.4])
||a|p − |b|p| 6 C(p)|a− b|(|b|+ |a− b|)p−1, p > 0, a, b ∈ R, (2.5)
the regularity of F and the fact that η 6 1, it is clear that
|DpsF (x)−D
p
s (F + θη)(x)| 6 C
(
(1 + θp)
ˆ
Bδ(x)
|x− y|p
|x− y|n+sp
dy
+ θ
ˆ
Rn\Bδ(x)
(4θ + |F (x)− F (y)|)p−1
|x− y|n+sp
dy
)
,
where C = C(p, supBδ+ρ(x0){|∇F |, |∇η|}). Thus, since θ < 1 and p > 1, it follows
that
|DpsF (x)−D
p
s (F + θη)(x)| 6 Cδ
p(1−s) + Cθ
(
θp−1δ−sp + ‖F‖p−1L∞(Bρ(x0))δ
−sp
+
ˆ
Rn\Bδ(x)
|F (y)|p−1
|x− y|n+sp
dy
)
6 C
(
δp(1−s) + θδ−sp
)
,
(2.6)
due to the fact that F ∈ Lp−1sp (R
n). Choosing first δ and then θ = θ(δ) appropriately
small we have
|DpsF (x) −D
p
s(F + θη)(x)| 6 ε,
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and the conclusion follows from (2.6) by taking the supremum over x ∈ Bρ(x0). 
3. Viscosity solutions are weak solutions
The aim of this section is to prove Theorem 1.1.
3.1. Infimal convolution. Let ε > 0. We define the infimal convolution of a
function u : Rn → R as
uε(x) := inf
y∈Rn
(
u(y) +
|x− y|q
qεq−1
)
, (3.1)
where
q = 2 if p >
2
2− s
, q >
sp
p− 1
> 2 if 1 < p 6
2
2− s
.
The inf (and sup) convolutions, that originally appeared in convex analysis, are
very useful in the viscosity theory due to their nice approximation properties and
because they are nearly C2 functions. In the following lemma, whose proof can
be found, for instance, in the appendix of [17], we summarize some fundamental
properties of the infimal convolutions.
Lemma 3.1. Suppose u is bounded in Rn and lower semicontinuous in Ω. Then:
(i) There exists r(ε) > 0 such that
uε(x) = inf
y∈Br(ε)(x)
(
u(y) +
|x− y|q
qεq−1
)
,
where r(ε)→ 0 as ε→ 0.
(ii) The sequence uε is increasing as ε→ 0 and uε → u pointwise in R
n.
(iii) uε is locally Lipschitz continuous and twice differentiable a.e. in Ω. Actu-
ally, for almost every x, y ∈ Ω,
uε(y) = uε(x) +∇uε(x) · (x− y) +
1
2
D2uε(x)(x − y)
2 + o(|x − y|2).
(iv) uε is semiconcave in Ωr(ε) := {x ∈ Ω : dist(x, ∂Ω) > r(ε)}, that is, there
exists a constant C > 0, that depends on q, ε and the oscillation supΩ u −
infΩ u, such that the function
x 7→ uε(x)− C|x|
2, x ∈ Ωr(ε),
is concave. In particular
D2uε(x) 6 2CI for a.e. x ∈ Ωr(ε).
(v) The set
Yε(x) :=
{
y ∈ Br(ε)(x) : uε(x) = u(y) +
|x− y|q
qεq−1
}
,
is non empty and closed for every x ∈ Ωr(ε).
(vi) If x ∈ Ωr(ε) and ∇uε(x) = 0 then uε(x) = u(x).
Remark 3.2. Since uε is increasing as ε→ 0, by definition
−‖u‖L∞(Rn) 6 inf
y∈Rn
u(y) 6 uε(x) 6 u(x),
for every x ∈ Rn. Hence, if u ∈ L∞(Rn) then ‖uε‖L∞(Rn) is uniformly bounded.
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The strategy to prove Theorem 1.1 is the following: first finding out the problem
satisfied in viscosity (and pointwise) sense by uε; then, taking advantage of the
higher regularity and the specific properties of uε, passing from the pointwise to the
weak formulation; finally passing to the limit to obtain the weak problem satisfied
by u.
We start by identifying the problem fulfilled by uε.
Lemma 3.3. Let u : Rn → R bounded and lower semicontinuous in Rn, and let
f = f(x, t, η) be continuous in Ω × R × Rn and non increasing in t. For any
1 < p < +∞, if u is a viscosity supersolution of
(−∆)spu = f(x, u,D
p
su) in Ω,
then uε is a viscosity supersolution of
(−∆)spv = fε(x, v,D
p
sv) in Ωr(ε), (3.2)
where uε was defined in (3.1), Ωr(ε) := {x ∈ Ω : dist(x, ∂Ω) > r(ε)} and
fε(x, t, η) := inf
y∈Br(ε)(x)
f(y, t, η). (3.3)
Furthermore,
(−∆)spuε(x) > fε(x, uε(x), D
p
suε(x)) a.e. x ∈ Ωr(ε). (3.4)
Proof. The first part follows as in [27, Lemma 2.1]. Let us define, for every z ∈
Br(ε)(0),
φz(x) := u(z + x) +
|z|q
qεq−1
, x ∈ Rn.
We claim that, for every z ∈ Br(ε)(0), this function is a viscosity supersolution of
(3.2). Indeed let x0 ∈ Ωr(ε) and ϕ satisfying the hypotheses in Definition 2.2, with
ϕ(x0) = φz(x0), ϕ 6 φz , and denote y := z+ x, y0 = z+x0 ∈ Br(ε)(x0) ⊆ Ω. Thus
the function
ϕ˜(y) := ϕ(y − z)−
|z|q
qεq−1
satisfies ϕ˜(y0) = u(y0), ϕ˜ 6 u, and therefore, since u is a viscosity supersolution in
Ω and f is non increasing in the second variable,
(−∆)spϕ(x0) = (−∆)
s
pϕ˜(y0) > f(y0, ϕ˜(y0), D
p
s ϕ˜(y0))
= f(z + x0, ϕ(x0)−
|z|q
qεq−1
, Dpsϕ(x0))
> fε(x0), ϕ(x0), D
p
sϕ(x0)),
and the claim follows.
Let now ψ be a function satisfying the regularity conditions in Definition 2.2 and
such that ψ(x0) = uε(x0), ψ 6 uε. By (i) and (v) in Lemma 3.1, we can write
uε(x) = inf
y∈Br(ε)(x)
(
u(y) +
|x− y|q
qεq−1
)
= inf
z∈Br(ε)(0)
φz(x), x ∈ R
n,
and we know that there exists zˆ ∈ Br(ε)(0) such that uε(x0) = φzˆ(x0).Since by
definition ψ 6 uε 6 φzˆ, ψ may be used as a test function in the problem satisfied
by φzˆ to conclude
(−∆)spψ(x0) > fε(x0, ψ(x0), D
p
sψ(x0)).
Therefore uε is a viscosity supersolution of (3.2).
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Let us prove (3.4). Fix x ∈ Ωr(ε) and r > 0 such that Br(x) ⊂ Ωr(ε), and assume
first that p > 22−s or ∇uε(x) 6= 0. Define
ψδ(y) := uε(x) +∇uε(x) · (x− y) +
1
2
(
D2uε(x) − δI
)
(x− y)2,
with δ > 0 and I the identity matrix. Notice that ψ(x) = uε(x) and ψ ∈ C
2(Br(x)).
Consider now the function
ψr(y) :=
{
ψδ(y), y ∈ Br(x),
uε(y), y ∈ R
n \Br(x),
that, for δ large enough, satisfies ψr 6 uε. Thus, using ψr as a test function in the
viscosity sense in the problem satisfied by uε, by [20, Lemma 3.6] we obtainˆ
Rn\Br(x)
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))
|x− y|n+sp
dy
=
ˆ
Rn\Br(x)
|ψr(x) − ψr(y)|
p−2(ψr(x)− ψr(y))
|x− y|n+sp
dy
> (−∆)psψr(x) − or(1)
> fε(x, uε(x), D
p
sψr(x))− or(1),
(3.5)
where or(1)→ 0 as r → 0. Likewise
Dpsψr(x) =
ˆ
Rn
|ψr(x) − ψr(y)|
p
|x− y|n+sp
dy
=
ˆ
Rn\Br(x)
|uε(x)− uε(y)|
p
|x− y|n+sp
dy +
ˆ
Br(x)
|ψδ(x)− ψδ(y)|
p
|x− y|n+sp
dy
=
ˆ
Rn\Br(x)
|uε(x)− uε(y)|
p
|x− y|n+sp
dy +O(rp(1−s)),
and hence
lim
r→0
Dpsψr(x) = D
p
suε(x).
Passing to the limit as r → 0 in (3.5), taking into account the definition, via
principal value, of (−∆)sp, we obtain (3.4) if p >
2
2−s or ∇uε(x) 6= 0.
Consider now the case 1 < p 6 22−s and ∇uε(x) = 0. Here, instead of testing
in the problem satisfied by uε, we will need to use the fact that u is a viscosity
supersolution. By (vi) of Lemma 3.1 we know that
u(x) = uε(x) 6 u(y) +
|x− y|q
qεq−1
for all y ∈ Rn, q >
sp
p− 1
> 2.
Thus, if we define
ζr(y) :=
{
ζ(y), y ∈ Br(x),
uε(y), y ∈ R
n \Br(x),
with ζ(y) := u(x)−
|x− y|q
qεq−1
,
since it can be checked that ζr ∈ C
2
q (Br(x)), and clearly ζr(x) = u(x), ζr 6 u, we
can use it as test function in the problem satisfied by u to obtain
(−∆)spζr(x) > f(x, ζr(x), D
p
sζr(x)) > fε(x, uε(x), D
p
sζr(x)). (3.6)
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Noticing that, by [20, Lemma 3.7],
(−∆)spζr(x) 6
ˆ
Rn\Br(x)
|uε(x) − uε(y)|
p−2(uε(x)− uε(y))
|x− y|n+sp
dy + or(1),
and
Dpsζr(x) =
ˆ
Rn\Br(x)
|uε(x) − uε(y)|
p
|x− y|n+sp
dy + or(1),
by passing to the limit in (3.6), as r → 0, we also obtain (3.4) when x is a critical
point of uε and 1 < p 6
2
2−s . 
In the next two lemmas we pass from the pointwise sense of (−∆)spuε to a weak
formulation. The infimal convolutions provide us useful information on the way we
approach the function u, but they are not smooth enough (they are not C2 nor
C2q ) to integrate by parts. Thus we need to regularize uε via convolution with a
standard mollifier, integrating by parts, and then passing to the limit. This last
step is extremely tricky since we do not have a uniform estimate of ‖D2uε‖L∞ ,
meaning D2uε the Hessian matrix of uε. We only know D
2uε 6 2CI a.e. in Ωr(ε)
(see Lemma 3.1), but nothing about the size when the second derivative is negative.
This obliges to control the sign of the quotients, a rather delicate issue due to the
nonlocality and the nonlinearity of the operator.
Lemma 3.4. Assume p > 22−s . For all ψ ∈ C
∞
0 (Ωr(ε)), ψ  0,¨
QK
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy >
ˆ
K
((−∆)spuε)ψdx,
where uε was given in (3.1), with u ∈ L
p−1
sp (R
n) ∩ L∞loc(R
n) and K := supp(ψ).
Proof. We define
uε,δ(x) :=

ˆ
Bδ(0)
ηδ(y)uε(x− y)dy, x ∈ Ωr(ε),
uε(x), x ∈ R
n \ Ωr(ε).
(3.7)
with
ηδ(y) := δ
−nη
(y
δ
)
,
where η is the standard mollifier. We observe that uε,δ is a sequence of smooth
semiconcave functions converging a.e. to uε. Since uε,δ ∈ C
2(Ωr(ε)) ∩ L
p−1
sp (R
n) it
can be seen that¨
QK
|uε,δ(x)− uε,δ(y)|
p−2(uε,δ(x) − uε,δ(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy
=
ˆ
K
((−∆)spuε,δ)ψdx,
for every ψ ∈ C∞0 (Ωr(ε)) with K := supp(ψ). The goal is to pass to the limit as
δ → 0 to conclude the result.
STEP 1: Proving that
lim
δ→0
¨
QK
|uε,δ(x) − uε,δ(y)|
p−2(uε,δ(x)− uε,δ(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy
=
¨
QK
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy.
(3.8)
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Let us define
Fδ(x, y) :=
|uε,δ(x)− uε,δ(y)|
p−2(uε,δ(x) − uε,δ(y))(ψ(x) − ψ(y))
|x− y|n+sp
, (x, y) ∈ QK .
Since by symmetry
¨
QK
Fδ(x, y) dx dy =
(
2
¨
K×(Rn\K)
+
¨
K×K
)
Fδ(x, y) dx dy,
to obtain (3.8), by the dominated convergence theorem, it is enough to prove that
|Fδ(x, y)| 6 F (x, y), (3.9)
where F (x, y) is a function in L1(K × Rn), independent of δ. Let us define
r := dist(K, ∂Ωr(ε)) > 0 and Kr/2 := {y ∈ Ωr(ε) : dist(y,K) 6
r
2
},
and consider first the case x ∈ K, y ∈ Kr/2. By Young’s inequality
|Fδ(x, y)| 6
|uε,δ(x)− uε,δ(y)|
p−1|ψ(x)− ψ(y)|
|x− y|n+sp
6 C
(
|uε,δ(x)− uε,δ(y)|
p
|x− y|n+sp
+
|ψ(x) − ψ(y)|p
|x− y|n+sp
)
,
with C independent of δ so that, since uε is locally Lipschitz, making δ small enough
we have
|uε,δ(x)− uε,δ(y)|
p =
∣∣∣∣ˆ
Bδ(0)
(uε(x− z)− uε(y − z))ηδ(z)dz
∣∣∣∣p
6 C|x− y|p,
where C > 0 depends on the Lipschitz constant of uε in K3r/4 but it is independent
of δ since ‖ηδ‖L1(Rn) = 1. Thus we conclude that
|Fδ(x, y)| 6 C|x− y|
p−(n+sp) ∈ L1(K ×Kr/2),
where the right hand side is independent of δ, so clearly (3.9) holds for every
(x, y) ∈ K ×Kr/2.
Consider now the case (x, y) ∈ K × (Rn \ Kr/2). Notice that in this case the
kernel is not singular anymore since
|x− y| >
r
2
,
and thus we are only concerned with the integrability at infinity. Hence, using that
uε is locally bounded (and thus uε,δ),
|Fδ(x, y)| 6 C
1 + |uε(y)|
p−1
|x− y|n+sp
, (3.10)
with C independent of δ, and the right hand side belongs to L1(K × (Rn \Kr/2))
due to the fact that uε ∈ L
p−1
sp (R
n). Therefore (3.9) and (3.8) hold.
STEP 2: lim inf
δ→0
ˆ
K
((−∆)spuε,δ)ψ dx >
ˆ
K
lim inf
δ→0
((−∆)spuε,δ)ψ dx.
We will see that (−∆)spuε,δ(x) > −C, x ∈ K, being C a positive constant
independent of δ and x, and then the claim will follow as a consequence of Fatou’s
lemma.
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Let r > 0 small so that r < dist(K, ∂Ωr(ε)). Thus Br(x) ⊂ Ωr(ε) and for
y ∈ Rn \Br(x) there holds
|x− y| > r.
As in STEP 1, since uε is locally bounded,∣∣∣∣ ˆ
Rn\Br(x)
|uε,δ(x)− uε,δ(y)|
p−2(uε,δ(x) − uε,δ(y))
|x− y|n+sp
dy
∣∣∣∣
6 C
ˆ
Rn\Br(x)
1 + |uε(y)|
p−1
|x− y|n+sp
dy,
(3.11)
which is uniformly bounded as a consequence of uε ∈ L
p−1
sp (R
n).
We now estimate the integral, in the principal value sense, in the ball Br(x).
First, notice that by definition and Lemma 3.1
D2uε,δ 6 CI in Ωr(ε), (3.12)
with C > 0 independent of δ. Using the principal value and the odd symmetry it
is clear that
IBr(x) := p.v
ˆ
Br(x)
|uε,δ(x) − uε,δ(y)|
p−2(uε,δ(x)− uε,δ(y))
|x− y|n+sp
dy
=
ˆ
Br(x)
L(uε,δ(x)− uε,δ(y))− L(−∇uε,δ(x) · (y − x))
|x− y|n+sp
dy,
(3.13)
with L defined in (2.1). By Lemma 2.4 with
a := uε,δ(x)− uε,δ(y), b := −∇uε,δ(x) · (y − x), (3.14)
expanding uε,δ(y) we obtain that
IBr(x) = (p− 1)
ˆ
Br(x)
−D2uε,δ(η)(y − x)
2
|x− y|n+sp
(ˆ 1
0
|ta− (1 − t)b|p−2dt
)
dy
> (p− 1)
ˆ
Br(x)+
−D2uε,δ(η)(y − x)
2
|x− y|n+sp
(ˆ 1
0
|ta− (1− t)b|p−2dt
)
dy,
(3.15)
where η ∈ Br(x) ⊂ Ωr(ε) depends on y and
Br(x)
+ := Br(x) ∩ {y : D
2uε,δ(η) > 0}.
If p > 2 by using that uε is locally Lipschitz, also it is uε,δ and
‖∇uε,δ‖L∞(K) 6 C,
with C independent of δ. It follows that
0 6
ˆ 1
0
|ta− (1 − t)b|p−2dt 6 C|x− y|p−2. (3.16)
Thus, replacing in (3.15) and using (3.12), we get that
IBr(x) > −C
ˆ
Br(x)
|x− y|p
|x− y|n+sp
dy > −C, p > 2, (3.17)
uniformly in δ.
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In the case 22−s < p < 2, applying again Lemma 2.4 and (3.12), for every
y ∈ Br(x)
+ we have that
0 6
ˆ 1
0
|ta− (1− t)b|p−2dt 6 C|a− b|p−2 = | −D2uε,δ(η)(y − x)
2|p−2
= (D2uε,δ(η)(y − x)
2)p−2 6 C|x− y|2(p−2), η ∈ Br(x) ⊂ Ωr(ε).
(3.18)
Therefore by (3.15) we obtain
IBr(x) > −C
ˆ
Br(x)
|x− y|2(p−1)
|x− y|n+sp
dy > −C,
2
2− s
< p < 2. (3.19)
By (3.17) and (3.19) we conclude that
(−∆)spuε,δ > −C in K,
with C > 0 independent of δ and so, applying Fatou’s lemma, we obtain the claim
in STEP 2.
STEP 3:
ˆ
K
lim inf
δ→0
((−∆)spuε,δ)ψ dx >
ˆ
K
((−∆)spuε)ψ dx.
Reasoning as in Step 2,
(−∆)spuε,δ(x) =
ˆ
Rn\Br(x)
|uε,δ(x) − uε,δ(y)|
p−2(uε,δ(x)− uε,δ(y))
|x− y|n+sp
dy
+
ˆ
Br(x)
L(uε,δ(x)− uε,δ(y))− L(−∇uε,δ(x) · (y − x))
|x− y|n+sp
dy,
where L was given in (2.1). As we saw in (3.11) one has
|uε,δ(x)− uε,δ(y)|
p−2(uε,δ(x) − uε,δ(y))
|x− y|n+sp
> −C
1 + |uε(y)|
p−1
|x− y|n+sp
. (3.20)
Using Lemma 2.4 and (3.16) and (3.18) we also obtain
L(uε,δ(x)− uε,δ(y))− L(−∇uε,δ(x) · (y − x))
|x− y|n+sp
> −CF(x, y), (3.21)
with
F(x, y) :=
{
|x− y|p−n−sp p > 2,
|x− y|2(p−1)−n−sp, 22−s < p < 2.
Therefore, since for every x ∈ K,
1 + |uε(y)|
p−1
|x− y|n+sp
∈ L1(Rn \Br(x)), and F(x, y) ∈ L
1(Br(x)),
by (3.20) and (3.21) using a generalization of Fatou’s Lemma we conclude that
lim inf
δ→0
(−∆)spuε,δ > (−∆)
s
puε.
This proves STEP 3 and the whole proof. 
In the case 1 < p 6 22−s it is not enough to work with the regularized versions
of uε. Even if they are C
∞, the operator is not well defined for functions which are
not in C2q , q >
sp
p−1 , and thus we cannot integrate by parts directly. We overcome
this difficuly by regularizing the operator before.
16 B. BARRIOS AND M. MEDINA
Lemma 3.5. Assume 1 < p 6 22−s . For all ψ ∈ C
∞
0 (Ωr(ε)), ψ  0,¨
QK
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy >
ˆ
K
((−∆)spuε)ψdx,
(3.22)
where uε was given in (3.1), with u ∈ L
p−1
sp (R
n) ∩ L∞loc(R
n) and K := supp(ψ).
Proof. We need to regularize the operator to integrate by parts. Indeed, given ρ > 0
and ψ ∈ C∞0 (Ωr(ε)), ψ  0, with K = supp(ψ), by using a mollification argument
on uε as in Lemma 3.4 and integrating by parts we can easily prove that¨
QK
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))(ψ(x) − ψ(y))
(|x− y|+ ρ)n+sp
dx dy
>
ˆ
K
(ˆ
Rn
|uε(x) − uε(y)|
p−2(uε(x)− uε(y))
(|x− y|+ ρ)n+sp
dy
)
ψ(x) dx.
Using the boundedness, decay and Lipschitz continuity of uε we can make ρ → 0
on the left hand side to obtain the left hand side of (3.22). To analyze the other
integral we denote
Fρ(x) :=
ˆ
Rn
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))
(|x− y|+ ρ)n+sp
dy, x ∈ K := supp(ψ).
We aim to prove that there exists a positive function G ∈ L1(K), independent of
ρ, such that Fρ(x)ψ(x) > −G(x), x ∈ K, so that
lim inf
ρ→0
ˆ
K
Fρ(x)ψ(x) dx >
ˆ
K
lim inf
ρ→0
Fρ(x)ψ(x) dx, (3.23)
as a consequence of a generalization of Fatou’s lemma. Let us fix x ∈ K and η > 0
such that Bη(x) ⊂ Ωr(ε). First notice that∣∣∣∣ ˆ
Rn\Bη(x)
|uε(x)− uε(y)|
p−2(uε(x)− uε(y))
(|x− y|+ ρ)n+sp
dy
∣∣∣∣ 6 C, (3.24)
independently of ρ and x. By (v) of Lemma 3.1, for every x ∈ Ωr(ε) there exists
xˆ ∈ Br(ε)(x) such that
uε(x) = ϕxˆ(x), with ϕz(y) := u(z) +
|y − z|q
qεq−1
, y, z ∈ Rn.
Hence by definition, for y ∈ Ωr(ε) we have
uε(x)− uε(y) = ϕxˆ(x)− inf
z∈Rn
ϕz(y) > ϕxˆ(x) − ϕxˆ(y),
and, by Lemma 2.4,
L(uε(x) − uε(y))− L(ϕxˆ(x)− ϕxˆ(y)) > 0, (3.25)
where L was given in (2.1). Thus adding and substracting L(ϕxˆ(x)−ϕxˆ(y)) we getˆ
Bη(x)
L(uε(x) − uε(y))
(|x− y|+ ρ)n+sp
dy >
ˆ
Bη(x)
L(ϕxˆ(x) − ϕxˆ(y))
(|x− y|+ ρ)n+sp
dy.
It is clear that if we prove the existence of a positive constant C, independent of x,
xˆ and ρ, such that ∣∣∣∣ ˆ
Bη(x)
L(ϕxˆ(x)− ϕxˆ(y))
(|x− y|+ ρ)n+sp
dy
∣∣∣∣ 6 C, (3.26)
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this, together with (3.24), would imply
Fρ(x)ψ(x) > −Cψ(x), 0  ψ ∈ C
∞
0 (Ωr(ε)) ⊆ L
1(K),
with C independent of ρ as wanted. To show (3.26) we notice that, for every
y ∈ Ωr(ε), using that q > 2, we have
‖ϕxˆ‖L∞(Ω) 6 C, |∇ϕxˆ(y)| =
|xˆ− y|q−1
εq−1
6 C, (3.27)
and
−CI 6 −
q − 1
εq−1
|xˆ− y|q−2I 6 D2ϕxˆ(y) 6
q − 1
εq−1
|xˆ− y|q−2I 6 CI,
where I is the identity matrix and C is a constant independent of xˆ and y.
Fix η0 > 0 small and suppose first that x /∈ Bη0(xˆ), proceeding as in the proof
of [20, Lemma 3.6], since p < 2 by using (3.27) we get∣∣∣∣ ˆ
Bη(x)
L(ϕxˆ(x) − ϕxˆ(y))
(|x− y|+ ρ)n+sp
dy
∣∣∣∣
6 c
ˆ
Bη(x)
(
|∇ϕxˆ(x) · (y − x)|+ τ(y)|y − x|
2
)p−2
τ(y)|y − x|2
|x− y|n+sp
dy
6 cτ∞
ˆ η
0
(
1 +
τ∞r
|∇ϕxˆ(x)|
)p−2
|∇ϕxˆ(x)|
p−2rp(1−s)
dr
r
6 cτ∞
ˆ η
0
|∇ϕxˆ(x)|
p−2rp(1−s)
dr
r
6 cτ∞
(
ηq−10
εq−1
)p−2
ηp(1−s) 6 C,
(3.28)
where
τ(y) := sup
|z−x|<|y−x|
|D2ϕxˆ(z)|, τ∞ := sup
Ωr(ε)
|D2ϕxˆ|, (3.29)
with τ∞ independent of xˆ. Therefore C is independent of x, xˆ and ρ.
Assume now x ∈ Bη0(xˆ) and proceed as in [20, Lemma 3.7]. Noticing that, since
q > 2,
sup
y∈Br(x)
|D2ϕxˆ(y)| 6 sup
y∈Br(x)
c|y − xˆ|q−2 6 sup
y∈Br(x)
c(|y − x|+ |x− xˆ|)q−2
6 c(r + |x− xˆ|)q−2,
where c = c(q, ε), as in (3.28) we can estimate∣∣∣∣ˆ
Bη(x)
L(ϕxˆ(x)− ϕxˆ(y))
(|x− y|+ ρ)n+sp
dy
∣∣∣∣
6 C
ˆ
Bη(x)
(
|∇ϕxˆ(x) · (y − x)|+ τ(y)|y − x|
2
)p−2
τ(y)|y − x|2
|x− y|n+sp
dy
6 C
ˆ η
0
(
1 +
(r + |x− xˆ|)q−2r
|∇ϕxˆ(x)|
)p−2
(r + |x− xˆ|)q−2|∇ϕxˆ(x)|
p−2rp(1−s)
dr
r
= C
( ˆ |x−xˆ|
0
dr︸ ︷︷ ︸
I1
+
ˆ η
|x−xˆ|
dr︸ ︷︷ ︸
I2
)
,
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with C independent of x, xˆ and ρ. In the first case, using the precise expression of
|∇ϕxˆ(x)| given in (3.27), we get
I1 6 C
ˆ |x−xˆ|
0
|x− xˆ|q−2|∇ϕxˆ(x)|
p−2rp(1−s)
dr
r
= C|x− xˆ|q−2+(q−1)(p−2)
ˆ |x−xˆ|
0
rp(1−s)
dr
r
= C|x− xˆ|q(p−1)−sp 6 Cη0
q(p−1)−sp,
and in the second
I2 6 C
ˆ η
|x−xˆ|
(
rq−1
|∇ϕxˆ(x)|
)p−2
rq−2|∇ϕxˆ(x)|
p−2 r
p(1−s)
r
= C
ˆ η
|x−xˆ|
rq(p−1)−sp
dr
r
6 Cηq(p−1)−sp,
with C independent of x, xˆ and ρ. Therefore, since q > spp−1 , (3.26) follows, and so
(3.23). We finally want to prove that
lim inf
ρ→0
Fρ(x) = lim inf
ρ→0
ˆ
Rn
|uε(x) − uε(y)|
p−2(uε(x)− uε(y))
(|x− y|+ ρ)n+sp
dy
>
ˆ
Rn
|uε(x) − uε(y)|
p−2(uε(x)− uε(y))
|x− y|n+sp
dy, x ∈ K.
Notice that, by symmetry,
Fρ(x) =
ˆ
Rn
L(uε(x) − uε(y))− L(−∇ϕxˆ(x) · (y − x))χBη(x)(y)
(|x− y|+ ρ)n+sp
dy,
and thus we will pass to the limit by proving that there exists 0 < H ∈ L1(Rn),
independent of ρ, such that
L(uε(x) − uε(y))− L(−∇ϕxˆ(x) · (y − x))χBη(x)(y)
(|x− y|+ ρ)n+sp
> −H(y), (3.30)
and using once again Fatou’s lemma. In fact, on one hand, if y ∈ Rn \ Bη(x) we
easily obtain that∣∣∣∣L(uε(x)− uε(y))− L(−∇ϕxˆ(x) · (y − x))χBη(x)(y)(|x− y|+ ρ)n+sp
∣∣∣∣ 6 C 1 + |uε(y)|p−1|x− y|n+sp =: H1(y),
which is integrable in Rn \Bη(x). On the other hand, for y ∈ Bη(x), by (3.25), we
have
L(uε(x)− uε(y))− L(−∇ϕxˆ(x) · (y − x))
(|x− y|+ ρ)n+sp
>
L(ϕxˆ(x)− ϕxˆ(y))− L(−∇ϕxˆ(x) · (y − x))
(|x− y|+ ρ)n+sp
> −C
(
|∇ϕxˆ(x) · (y − x)|+ τ(y)|y − x|
2
)p−2
τ(y)|y − x|2
|x− y|n+sp
=: −H2(y),
where τ(y) was given in (3.29). Since, due to the computations done above, we
know that H2 ∈ L
1(Bη(x)), defining
H(y) := χRn\Bη(x)(y)H1(y) + χBη(x)(y)H2(y) ∈ L
1(Rn),
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(3.30) holds and the result follows. 
Before moving to the proof of Theorem 1.1 we need to establish a convergence
result for the right hand side of the problem.
Lemma 3.6. Let u ∈ W s,p(Ω) ∩ L∞loc(R
n) and f = f(x, t, η) uniformly continuous
in Ω×R×Rn and Lipschitz continuous in η satisfying (1.5). Let ψ ∈ C∞0 (Ω), ψ  0,
with K = supp(ψ) ⊆ Ω. If
lim
ε→0
ˆ
K
ˆ
Rn
|uε(x)− uε(y)− (u(x)− u(y))|
p
|x− y|n+sp
dx dy = 0, (3.31)
then
lim
ε→0
ˆ
K
fε(x, uε, D
p
suε)ψ dx =
ˆ
K
f(x, u,Dpsu)ψ dx,
where uε and fε are given in (3.1) and (3.3) respectively.
Proof. Let ε > 0 be a fixed but arbitrarily small constant. Proceeding as in [27,
Lemma 2.2] we consider ψ  0 a regular function with K := supp(ψ). Using the
uniform continuity property of f , for every ρ > 0 there exists δ > 0 such that
|f(x, uε, D
p
suε)− f(y, uε, D
p
suε)| 6 ρ, y ∈ Bδ(x).
Since by (i) of Lemma 3.1 we can guarantee that r(ε) < δ by choosing ε small
enough, taking the infimum in the previous expression we get thatˆ
K
|f(x, uε, D
p
suε)− fε(x, uε, D
p
suε)|ψ dx 6 ρ‖ψ‖L∞(K)|K|, (3.32)
with ρ arbitrarily small. Let us see that
lim
ε→0
ˆ
K
f(x, uε, D
p
suε)ψ dx =
ˆ
K
f(x, u,Dpsu)ψ. (3.33)
On one hand, since ‖uε‖L∞(K) 6 C uniformly (see Remark 3.2), it follows that
max
t∈(−‖uε‖L∞(Ω),‖uε‖L∞(Ω))
|γ(t)| 6 max
t∈(−‖u‖L∞(Ω),‖u‖L∞(Ω))
|γ(t)|. (3.34)
Then, due to the growth of f , we have that
|f(x, uε(x), D
p
su(x))| 6 C|D
p
su(x)|
p−1
p + φ(x) ∈ L1(K),
with C independent of ε, and thus
lim
ε→0
ˆ
K
f(x, uε, D
p
su)ψdx =
ˆ
K
f(x, u,Dpsu)ψ. (3.35)
Besides, since f is Lipschitz continuous in the third variable,ˆ
K
|f(x, uε, D
p
suε)− f(x, uε, D
p
su)|ψ
6 C
ˆ
K
|Dpsuε −D
p
su|dx
6 C
ˆ
K
ˆ
Rn
||uε(x) − uε(y)|
p − |u(x)− u(y)|p|
|x− y|n+sp
dy dx
6 C
(ˆ
K
ˆ
Rn
|gε(x, y)|
p
|x− y|n+sp
dy dx
)1/p (ˆ
K
ˆ
Rn
|u(x)− u(y)|p + |gε(x, y)|
p
|x− y|n+sp
dy dx
) p−1
p
,
(3.36)
20 B. BARRIOS AND M. MEDINA
where
gε(x, y) := uε(x)− uε(y)− (u(x)− u(y)), x ∈ K, y ∈ R
N ,
and in the last step we have applied (2.5) and the Ho¨lder’s inequality. Hence, since
u ∈ W s,p(Ω), putting together (3.35), (3.36), and using the hypothesis (3.31), we
conclude
lim
ε→0
ˆ
K
|f(x, uε, D
p
suε)− f(x, u,D
p
suε)|ψdx
6 lim
ε→0
ˆ
K
|f(x, uε, D
p
suε)− f(x, uε, D
p
su)|ψdx
+ lim
ε→0
ˆ
K
|f(x, uε, D
p
su)− f(x, u,D
p
su)|ψdx
= 0,
proving (3.33). The result follows as a consequence of (3.32) and (3.33). 
3.2. Proof of Theorem 1.1. Let uε given by (3.1). By Lemma 3.3 it is a viscosity
supersolution of
(−∆)spuε = fε(x, uε, D
p
suε) in Ωr(ε),
and
(−∆)psuε(x) > fε(x, uε(x), D
p
suε(x)) a.e. in Ωr(ε).
Thus, by Lemma 3.4 and Lemma 3.5, for all 1 < p <∞ and every ψ ∈ C∞0 (Ωr(ε)),
ψ  0, we have¨
QΩr(ε)
|uε(x)− uε(y)|
p−2(uε(x) − uε(y))(ψ(x) − ψ(y))
|x− y|n+sp
dx dy
>
ˆ
Ωr(ε)
fε(x, uε, D
p
suε)ψdx,
(3.37)
that is, uε is a weak supersolution in Ωr(ε). Let Φ ∈ C
∞
0 (Ω), Φ > 0 be a fixed but
arbitrarily smooth function with K := suppΦ. By taking ε small enough we can
assume, without loss of generality, that K ⊂ Ωr(ε). Our objective is passing to the
limit in ε in (3.37) to prove that¨
QK
|u(x) − u(y)|p−2(u(x)− u(y))(Φ(x) − Φ(y))
|x− y|n+sp
dx dy >
ˆ
K
f(x, u,Dpsu)Φdx,
(3.38)
by using Lemma 3.6 and some integral estimates. Let us first consider a non
negative smooth function ξ, 0 6 ξ 6 1, with support in a compact domain K ′′ ⊂
Ωr(ε) and such that ξ = 1 in a compact K
′ ⊂ K ′′ with K ⊂ K ′ ⊂ K ′′. Thus, by
Proposition 2.5,ˆ
K′
ˆ
Rn
|uε(x) − uε(y)|
p
|x− y|n+sp
dy dx =
ˆ
K′
ˆ
Rn
|uε(x)− uε(y)|
p
|x− y|n+sp
ξp(x)dy dx
6 C
[
(osc(uε))
p
(ˆ
K′′
ˆ
Rn
|ξ(x) − ξ(y)|p
|x− y|n+sp
dy dx+ γp∞,uε
)
+ osc(uε)
]
,
with C independent of ε and γ∞,uε := maxt∈(−‖uε‖L∞(Ω),‖uε‖L∞(Ω)) |γ(t)|. Notice
that, since uε is increasing as ε→ 0,
osc(uε) 6 sup
Rn
u− inf
Rn
uε0 , ε < ε0,
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and ‖uε‖L∞(Ω) 6 ‖u‖L∞(Ω). Thus by (3.34) we get that
ˆ
K′
ˆ
Rn
|uε(x)− uε(y)|
p
|x− y|n+sp
dy dx 6 C, (3.39)
with C independent of ε or, equivalently,∥∥∥∥∥uε(x) − uε(y)|x− y|n+spp
∥∥∥∥∥
Lp(K′×Rn)
6 C. (3.40)
Since we already knew that uε → u a.e. as ε→ 0 we deduce that
uε → u in L
q(K ′), for all q ∈ [1, p∗s), (3.41)
uε(x) − uε(y)
|x− y|
n+sp
p
⇀
u(x)− u(y)
|x− y|
n+sp
p
in Lp(K ′ × Rn),
where p∗s :=
np
n− ps
, n > ps, is the critical Sobolev exponent. Then
ˆ
K′
ˆ
Rn
uε(x) − uε(y)
|x− y|
n+sp
p
ϕ(x, y)dy dx→
ˆ
K′
ˆ
Rn
u(x)− u(y)
|x− y|
n+sp
p
ϕ(x, y)dy dx, (3.42)
for every ϕ ∈ Lp/(p−1)(K ′ × Rn). We want to point out that, since (3.39) also
implies ∥∥∥∥∥ |uε(x)− uε(y)|p−2(uε(x) − uε(y))|x− y| (n+sp)(p−1)p
∥∥∥∥∥
L
p
p−1 (K′×Rn)
6 C,
we also have
|uε(x) − uε(y)|
p−2(uε(x)− uε(y))
|x− y|(n+sp)
p−1
p
⇀
|u(x)− u(y)|p−2(u(x) − u(y))
|x− y|(n+sp)
p−1
p
, (3.43)
in Lp/(p−1)(K ′ × Rn). Consider now the function
ψ(x) := (u(x)− uε(x))θ(x),
with θ a non negative smooth function with compact support in K ′ ⊂ Ω, such that
θ ≡ 1 in K ⊂ K ′. Let us denote
U(x, y) := |u(x)− u(y)|p−2(u(x)− u(y)),
Uε(x, y) := |uε(x)− uε(y)|
p−2(uε(x)− uε(y)),
and notice that
ψ(x) − ψ(y) = θ(x)(u(x) − uε(x)− (u(y)− uε(y)) + (θ(x) − θ(y))(u(y)− uε(y)).
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Thus, replacing in (3.37) we can write
ˆ
K′
fε(x, uε, D
p
suε)ψ dx 6
¨
QK′
Uε(x, y)(ψ(x) − ψ(y))
|x− y|n+sp
dy dx
=
¨
QK′
Uε(x, y)(θ(x) − θ(y))(u(y)− uε(y))
|x− y|n+sp
dy dx︸ ︷︷ ︸
I1
+
ˆ
K′
ˆ
Rn
U(x, y)θ(x)(u(x) − u(y)− (uε(x) − uε(y))
|x− y|n+sp
dy dx︸ ︷︷ ︸
I2
−
ˆ
K′
ˆ
Rn
(U(x, y)− Uε(x, y))θ(x)(u(x) − u(y)− (uε(x)− uε(y))
|x− y|n+sp
dy dx︸ ︷︷ ︸
I3
.
By Ho¨lder inequality and the uniform bound (3.40) it follows that
I1 6
(¨
QK′
|uε(x)− uε(y)|
p
|x− y|n+sp
dy dx
) p−1
p
(¨
QK′
|θ(x)− θ(y)|p
|x− y|n+sp
|u(y)− uε(y)|
p dy dx
) 1
p
6 C
(¨
QK′
|θ(x) − θ(y)|p
|x− y|n+sp
|u(y)− uε(y)|
p dy dx
) 1
p
.
Since by the boundedness and smoothness of θ and Remark 3.2 we have
|θ(x) − θ(y)|p
|x− y|n+sp
|u(y)− uε(y)|
p
6 C(p)‖u‖L∞(Rn)
|θ(x) − θ(y)|p
|x− y|n+sp
∈ L1(QK′),
by the Dominated Convergence Theorem we get that I1 → 0 as ε → 0. Noticing
that
U(x, y)θ(x)
|x− y|(n+sp)
p−1
p
=
|u(x)− u(y)|p−2(u(x) − u(y))θ(x)
|x− y|(n+sp)
p−1
p
∈ L
p
p−1 (K ′ × Rn),
then I2 → 0 as ε→ 0 as a consequence of (3.42).
Let us analyze I3. By performing some algebraic computations it can be seen
that
(U(x, y)− Uε(x, y))(u(x) − u(y)− (uε(x) − uε(y))
> (|u(x)− u(y)| − |uε(x)− uε(y)|)(|u(x) − u(y)|
p−1 − |uε(x)− uε(y)|
p−1) > 0,
and hence we obtain
0 6 lim
ε→0
I3 6 lim sup
ε→0
(
−
ˆ
K′
fε(x, uε, D
p
suε)ψdx
)
.
By (1.5) and (3.34) we obtain
−
ˆ
K′
fε(x, uε, D
p
suε)ψ 6 γ∞
ˆ
K′
|Dpsuε|
p−1
p (u−uε)θdx+‖φ‖L∞(K′)
ˆ
K′
(u−uε)θdx,
(3.44)
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where γ∞ := supx∈K′ |γ(u(x))|. Since
ˆ
K′
|Dpsuε|
p−1
p (u− uε)θdx 6
(ˆ
K′
|Dpsuε|dx
) p−1
p
(ˆ
K′
|u− uε|
p
) 1
p
6
(ˆ
K′
ˆ
Rn
|uε(x) − uε(y)|
p
|x− y|n+sp
dy dx
) p−1
p
(ˆ
K′
|u− uε|
p
) 1
p
,
the right hand side of (3.44) goes to 0 as ε → 0 as a consequence of (3.40) and
(3.41). Thus
lim
ε→0
I3 = 0. (3.45)
This allows us to have the hypothesis of Lemma 3.6 satisfied for every 1 < p <∞.
Indeed if p > 2, applying the algebraic inequality
2p−1|a− b|p 6 ||a|p−2a− |b|p−2b|(a− b), a, b ∈ R,
we have
0 6
ˆ
K
ˆ
Rn
|u(x)− u(y)− (uε(x) − uε(y))|
p
|x− y|n+sp
dy dx 6 I3,
and hence by (3.45)
lim
ε→0
ˆ
K
ˆ
Rn
|u(x)− u(y)− (uε(x)− uε(y))|
p
|x− y|n+sp
, dy dx = 0. (3.46)
If 1 < p < 2 we use the vector inequality
|a− b|2
(|a|+ |b|)2−p
6 C(|a|p−2a− |b|p−2b) · (a− b), C = C(n, p), a, b ∈ Rn,
to getˆ
K
ˆ
Rn
|u(x)− u(y)− (uε(x)− uε(y))|
p
|x− y|n+sp
dy dx
6
(ˆ
K
ˆ
Rn
|u(x)− u(y)− (uε(x) − uε(y))|
2
|x− y|n+sp(|u(x)− u(y)|+ |uε(x)− uε(y)|)2−p
dy dx
)p/2
·
(ˆ
K
ˆ
Rn
(|u(x)− u(y)|+ |uε(x)− uε(y)|)
p
|x− y|n+sp
dy dx
) 2−p
2
6 C
(ˆ
K
ˆ
Rn
|u(x)− u(y)− (uε(x)− uε(y))|
2
|x− y|n+sp(|u(x)− u(y)|+ |uε(x)− uε(y)|)2−p
dy dx
)p/2
6 C
(ˆ
K
ˆ
Rn
(U(x, y)− Uε(x, y))(u(x) − u(y)− (uε(x)− uε(y))
|x− y|n+sp
dy dx
)
,
where in the first inequality we have applied Ho¨lder’s inequality with (2/p, 2/(2−p))
and (3.39) in the second one. Then (3.46) also holds for 1 < p < 2 as a consequence
of (3.45).
Thus we can apply Lemma 3.6 to pass to the limit in the right hand side of
(3.37) and, by using (3.43) with
ϕ(x, y) :=
Φ(x)− Φ(y)
|x− y|
n+sp
p
∈ Lp(K × Rn),
we conclude (3.38), what completes the proof of Theorem 1.1.
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4. Weak solutions are viscosity solutions
As mentioned in the Introduction, to prove Theorem 1.3 we need to use a strat-
egy different from [27, Theorem 1.5]. The nonlocal behavior of the problem (in
particular the fact that Dps is given by an integral defined in the whole R
n), creates
difficulties that cannot be solved following the local approach. In particular, the
continuity of the operator Dps under regular perturbations is needed.
4.1. Proof of Theorem 1.3. Let u be a weak supersolution of (1.1), continuous
in Ω. We proceed by contradiction, that is, we suppose that there exist a point
x0 ∈ Ω and a function φ, with φ(x0) = u(x0), satisfying the hypotheses in (iii) of
Definition 2.2 such that
ψr(x) :=
{
φ(x) 6 u(x), x ∈ Br(x0),
u(x), x ∈ Rn \Br(x0),
(4.1)
and
(−∆)spψr(x0) < f(x0, ψr(x0), D
p
sψr(x0)) = f(x0, u(x0), D
p
sψr(x0)). (4.2)
Since ψr ∈ C
2(Br(x0))∩L
p−1
sp (R
n), the operator Dpsψr is continuous in Br(x0) and
thus, by the hypotheses on f and u, the map
x 7→ f(x, u(x), Dpsψr(x)),
is also continuous in Br(x0). Thus, by the continuity of the operator (−∆)
s
p and
(4.2), there exist µ0 > 0 and 0 < r1 < r such that
(−∆)spψr(x) 6 f(x, u(x), D
p
sψr(x)) − µ0, x ∈ Br1(x0). (4.3)
Moreover, since ψr ∈ L
p−1
sp (R
n), by [20, Lemma 3.9] we know that, for every ε > 0
and ρ > 0, there exist 0 < θ1 = θ1(ε, ρ), 0 < r2 < ρ and η ∈ C
2
0 (B r22 (x0)), 0 6 η 6 1
with η(x0) = 1 such that,
sup
Br2 (x0)
|(−∆)spψr − (−∆)
s
p(ψr + θη)| < ε,
for every 0 < θ < θ1. Thus, taking ε = µ0/2, and ρ = r1 using the Lipschitz
hypothesis of f , by Lemma 2.6 and (4.3), it follows that
(−∆)sp(ψr + θη)(x) < (−∆)
s
pψr(x) +
µ0
2
6 f(x, u(x), Dpsψr(x)) −
µ0
2
6 f(x, u(x), Dps (ψr + θη)(x))
(4.4)
for x ∈ B r2
2
(x0), 0 < θ < min{θ1(µ0/2, r1), θ˜(µ0/(2Kf), r2} where θ˜ is given in
Lemma 2.6 and Kf is the Lipschitz constant of f . Thus, defining
f˜(x, g) := f(x, u(x), g),
by testing with a smooth function compactly supported in B r2
2
(x0) and integrating
by parts, we get that (4.4) also holds in the weak sense. Thus, ψr + θη is a weak
subsolution of the problem
(−∆)spv(x) = f˜(x,D
p
sv(x)), x ∈ B r22 (x0), (4.5)
Since, trivially, u is a weak supersolution of (4.5) and
(ψr + θη)(x) = ψr(x) 6 u(x), x ∈ R
n \B r2
2
(x0),
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by the (CPP) we have that u > ψr + θη also in B r2
2
(x0). This in particular implies
that
u(x0) > ψr(x0) + θη(x0) = ψr(x0)+θ > ψr(x0),
a contradiction with (4.1), what finishes the proof.
4.2. Comparison principles. A fundamental issue in Theorem 1.3 is the avail-
ability of a comparison principle for weak solutions. Unfortunately not much is
known yet in this line. In this subsection we provide a brief review of the state-of-
art of the comparison results available for weak solutions of problems involving the
fractional p-Laplacian.
The first one can be found in [26, Lemma 9] and allows us to compare weak
solutions when the right hand side of the problem is linear.
Theorem 4.1. Let u and v be two continuous functions belonging to W s,p0 (R
n) and
let D ⊂ Rn be a domain. If v > u in Rn \D and¨
R2n
|v(x) − v(y)|p−2(v(x) − v(y))(φ(x) − φ(y))
|x− y|n+sp
dx dy
>
¨
R2n
|u(x)− u(y)|p−2(u(x)− u(y))(φ(x) − φ(y))
|x− y|n+sp
dx dy,
for all φ ∈ C0(D), φ  0, then v > u in D.
See also [14, Proposition 2.10] and [22, Lemma 6] for similar results with weaker
assumptions on u and v. In the case of a nonlinear right hand side the following
weak comparison principle is proved in [10, Proposition 2.5] (see [16, Theorem 1.1]
for the strong counterpart).
Theorem 4.2. Let Ω be a bounded domain and c ∈ L1loc(Ω). Suppose u, v ∈
W s,p(Ω) are non negative super and subsolutions respectively of the problem
(−∆)spu = c(x)|u|
p−2u in Ω. (4.6)
If c(x) 6 0 in Ω and u > v in Rn \ Ω then u > v a.e. in Ω.
Notice that, under further regularity assumptions on c and the solution u, both
Theorem 1.1 and Theorem 1.3 apply, establishing the equivalence of weak and
viscosity solutions for the problem (4.6).
As far as we know, no comparison results are available yet for nonlinearities
involving any kind of gradient term. In the classical case, when s = 1, some can be
found in [25, 30].
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